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Abstract. We study the alignment of learned features to the target di-
rection in shallow ReLU networks trained on single-index models under
Gaussian inputs. Our main contribution is a ReLU directional inde-
pendence lemma, which establishes that ReLU activations with pairwise
distinct directions are linearly independent in L2(Rd, γd). The proof
exploits the distributional singularity (kink) of each ReLU unit on its
decision hyperplane. Using this lemma, we give a purely landscape-
based proof that every global minimum of the population risk exhibits
feature alignment: all active neurons have weight vectors in the span
of the target direction w∗. We further prove that non-aligned critical
points are strict saddles (when the non-aligned neuron is isolated) and,
more generally, that overparameterized networks have no spurious criti-
cal points: every critical point of the population risk is a global minimum
with aligned features. This yields an unconditional convergence guaran-
tee for gradient descent. The alignment result at global minima overlaps
substantially with the work of Bietti, Bruna, and Sanford (2022), who
established similar conclusions via optimization-trajectory analysis with
frozen biases. Our contribution is the alternative proof technique based
on landscape analysis and the self-contained directional independence
lemma, which may generalize more readily to multi-index settings.

1. Introduction

A central question in the theory of deep learning is how overparameterized
neural networks generalize despite having far more parameters than training
samples. For shallow networks trained on single-index models—targets of
the form φ(w∗⊤x) for an unknown direction w∗ ∈ Rd—a key mechanism
underlying generalization is feature alignment : the learned weight vectors
wj collapse into the span of w∗, effectively reducing the learning problem
from d dimensions to one.

1.1. Prior work. Bietti, Bruna, and Sanford [3] proved that for shallow
neural networks with frozen biases, the population gradient flow recovers the
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target direction w∗ in single-index models with information exponent κ = 1.
Their proof proceeds via a direct analysis of the optimization trajectory,
establishing that the signal component of each neuron’s weight grows while
the noise component shrinks.

Damian, Lee, and Soltanolkotabi [4] showed that neural networks can
learn low-dimensional representations via gradient descent, providing finite-
sample guarantees. Ba, Erdogdu, Suzuki, Wang, Wu, and Yang [2] gave
precise high-dimensional asymptotics for feature learning after one pass of
SGD. Abbe et al. [1] identified the staircase property governing the se-
quential learning of features. Pinkus [7] studied linear independence of
ridge functions for sigmoidal activations, establishing results in a classical
approximation-theoretic framework.

On the optimization side, Lee, Simchowitz, Jordan, and Recht [6] proved
that gradient descent converges to local minimizers for smooth objectives.
Davis, Drusvyatskiy, Kakade, and Lee [5] extended convergence guarantees
to nonsmooth tame (semialgebraic) functions, which is the appropriate set-
ting for ReLU networks.

1.2. Contribution. We provide an alternative proof that global minima of
the population risk in shallow ReLU networks for single-index models exhibit
feature alignment. Our approach is purely landscape-based and rests on two
ingredients:

(i) A ReLU directional independence lemma (Lemma 3.1), which
shows that ReLU functions with pairwise distinct directions are lin-
early independent in L2(Rd, γd). The proof uses a “kink argument”
formalized via distributional derivatives: the second-order distribu-
tional derivative of relu(v⊤k x) along the direction vk contains a Dirac

delta component on the hyperplane {x : v⊤k x = 0}, which cannot be
canceled by smooth contributions from other terms.

(ii) A direct application of this lemma to show that any representation
of the target φ(w∗⊤x) (which is a function of a single direction) as
a sum of ReLU units must have all active units aligned with w∗

(Theorem 4.1).

We also present a claim (Claim ??) that non-aligned critical points are
strict saddles, with an intuitive argument but without a complete proof.
Conditional on this claim, we derive a convergence guarantee (Corollary 6.1).

1.3. Relation to prior work. Our main technical contribution—the ReLU
directional independence lemma (Lemma 3.1) and its distributional-derivative
proof—is, to the best of our knowledge, new. The closest result in the liter-
ature is Pinkus [7] for sigmoidal activations, whose proof via analytic con-
tinuation does not apply to ReLU. The landscape-based proof of alignment
(Theorem 4.1) is likewise a new proof technique: it characterizes global
minima directly, without tracking the optimization trajectory.
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The alignment conclusion—that gradient-trained shallow networks re-
cover the target direction in single-index models—has been established by
Bietti, Bruna, and Sanford [3] via trajectory analysis with frozen biases.
Our setting differs in that we do not freeze biases but restrict to positively
homogeneous CPL targets; these are incomparable assumptions. The land-
scape approach has the potential advantage of generalizing to multi-index
settings where trajectory analysis becomes more complex, though this ex-
tension remains future work.

1.4. Organization. Section 2 introduces the setting and notation. Sec-
tion 3 presents the ReLU directional independence lemma with a full proof.
Section 4 proves that global minima are aligned. Section 5 states and par-
tially argues the strict saddle claim. Section 6 derives the conditional con-
vergence corollary. Section 7 discusses implications and open problems.

2. Preliminaries

2.1. Notation. We write γd for the standard Gaussian measure on Rd, i.e.,
the distribution N (0, Id). For v ∈ Rd \ {0}, we write v̂ = v/∥v∥ for the unit
vector in the direction of v. The ReLU activation is relu(t) = max(t, 0). We
write L2(Rd, γd) for the Hilbert space of square-integrable functions with
respect to γd, equipped with the inner product

⟨f, g⟩L2(γd) =

∫
Rd

f(x)g(x) dγd(x).

For a hyperplane H = {x ∈ Rd : v⊤x = 0}, we denote by σH the (d−1)-
dimensional Hausdorff measure restricted to H, and by γH the standard
Gaussian measure on H (viewed as a (d−1)-dimensional subspace with the
induced Gaussian).

We say two nonzero vectors vi, vj ∈ Rd have distinct directions if v̂i ̸= ±v̂j .

2.2. Student network. We consider a shallow (one-hidden-layer) ReLU
network with p hidden neurons:

(1) fθ(x) =
1
√
p

p∑
j=1

aj relu(w⊤
j x),

where θ = (a1, w1, . . . , ap, wp) with aj ∈ R and wj ∈ Rd. A neuron j is called
active if aj ̸= 0 and wj ̸= 0 (neurons with wj = 0 contribute the constant
relu(0) = 0 and are ignored).

2.3. Target function. The target is a single-index model:

(2) y = φ(w∗⊤x),

where w∗ ∈ Rd with ∥w∗∥ = 1, and φ : R → R is a continuous piecewise
linear (CPL) function that is positively homogeneous of degree one, i.e.,
φ(λt) = λφ(t) for all λ > 0.
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Remark 2.1. Any positively homogeneous CPL function φ can be written
as

(3) φ(t) = s+ relu(t) + s− relu(−t)

for constants s+, s− ∈ R. Substituting t = w∗⊤x, we obtain

(4) φ(w∗⊤x) = s+ relu(w∗⊤x) + s− relu(−w∗⊤x).

Thus the target is a finite linear combination of ReLU functions in directions
w∗ and −w∗.

Remark 2.2. For general (non-homogeneous) CPL targets with break-
points t1 < · · · < tK , one would write φ(t) = c0 + c1t +

∑
k αkrelu(t −

tk) +
∑

k βkrelu(−(t − tk)), which requires bias terms relu(w∗⊤x − tk) in
the network. The directional independence lemma extends to this setting
(distinct affine hyperplanes produce distinct kinks), but we restrict to the
homogeneous case for clarity.

2.4. Population risk. The population risk is

(5) R(θ) = Ex∼N (0,Id)

[(
fθ(x) − φ(w∗⊤x)

)2
]
.

Assumption 2.3 (Information exponent κ = 1). The first Hermite coeffi-
cient of φ is nonzero:

µ1 = Ez∼N (0,1)[z φ(z)] ̸= 0.

For the homogeneous CPL target φ(t) = s+relu(t) + s−relu(−t), a di-
rect computation gives µ1 = s+E[z relu(z)] + s−E[z relu(−z)] = s+(1/2) +
s−(−1/2) = (s+ − s−)/2, so Assumption 2.3 holds whenever s+ ̸= s−, i.e.,
whenever φ is not an even function. This assumption is not used in Theo-
rem 4.1 (which holds for all CPL φ), but is needed for Theorem 5.2: when
s+ = s−, the target is symmetric and the landscape may admit non-aligned
local minima by symmetry.

2.5. Distributional derivatives. We recall standard facts from distribu-
tion theory that will be used in the proof of Lemma 3.1. A locally inte-
grable function u on Rd defines a distribution via ⟨u, ϕ⟩ =

∫
u(x)ϕ(x) dx for

test functions ϕ ∈ C∞
c (Rd). The distributional directional derivative along

v ∈ Rd is defined by

⟨Dvu, ϕ⟩ = −⟨u,Dvϕ⟩ = −
∫
u(x) (v · ∇ϕ(x)) dx.

Proposition 2.4. Let v ∈ Rd \ {0} and define Hv = {x ∈ Rd : v⊤x = 0}.
Then:

(a) The first distributional directional derivative of relu(v⊤x) along v is

Dvrelu(v⊤x) = ∥v∥2 1{v⊤x>0}.
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(b) The second distributional directional derivative of relu(v⊤x) along v
is

D2
vrelu(v⊤x) = ∥v∥3 δHv ,

where δHv denotes the Dirac delta distribution (surface measure) on
Hv: for any ϕ ∈ C∞

c (Rd),

(6) ⟨δHv , ϕ⟩ =

∫
Hv

ϕdσHv ,

with σHv the (d−1)-dimensional Hausdorff measure on Hv.

Proof. We introduce orthogonal coordinates adapted to v. Let e1 = v/∥v∥
and extend to an orthonormal basis {e1, e2, . . . , ed} of Rd. Write x = te1 +y
where t = v⊤x/∥v∥ ∈ R and y ∈ e⊥1

∼= Rd−1. In these coordinates, v⊤x =
∥v∥t, and the Lebesgue measure decomposes as dx = dt dy.

(a) For any ϕ ∈ C∞
c (Rd):

⟨Dvrelu(v⊤x), ϕ⟩ = −
∫
Rd

relu(v⊤x) (v · ∇ϕ(x)) dx

= −
∫
Rd−1

∫ ∞

−∞
relu(∥v∥t) · ∥v∥∂ϕ

∂t
(t, y) dt dy

= −∥v∥2
∫
Rd−1

∫ ∞

0
t
∂ϕ

∂t
(t, y) dt dy.

Integrating by parts in t (the boundary term at t = ∞ vanishes by compact
support, and the boundary term at t = 0 gives 0 · ϕ(0, y) = 0):

= −∥v∥2
∫
Rd−1

([
t ϕ(t, y)

]∞
0

−
∫ ∞

0
ϕ(t, y) dt

)
dy

= ∥v∥2
∫
Rd−1

∫ ∞

0
ϕ(t, y) dt dy

= ∥v∥2
∫
{v⊤x>0}

ϕ(x) dx.

This confirms Dvrelu(v⊤x) = ∥v∥2 1{v⊤x>0}.

(b) Applying Dv to the indicator function from part (a):

⟨D2
vrelu(v⊤x), ϕ⟩ = −∥v∥2

∫
{v⊤x>0}

(v · ∇ϕ(x)) dx

= −∥v∥3
∫
Rd−1

∫ ∞

0

∂ϕ

∂t
(t, y) dt dy

= −∥v∥3
∫
Rd−1

[
ϕ(∞, y) − ϕ(0, y)

]
dy

= ∥v∥3
∫
Rd−1

ϕ(0, y) dy.
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Now, {x : t = 0} = Hv, and the parameterization y 7→ y (with t = 0) maps
Rd−1 isometrically onto Hv (since {e2, . . . , ed} is an orthonormal basis for
Hv), so dσHv = dy. Thus

⟨D2
vrelu(v⊤x), ϕ⟩ = ∥v∥3

∫
Hv

ϕdσHv .

For the purposes of Lemma 3.1, only the fact that D2
vrelu(v⊤x) is a nonzero

positive multiple of δHv matters, so the exact constant is not essential. □

3. ReLU Directional Independence

The following theorem is the key technical contribution of this paper.

Theorem 3.1 (ReLU directional independence). Let d ≥ 2 and let v1, . . . , vm ∈
Rd \ {0} have pairwise distinct directions, i.e., v̂i ̸= ±v̂j for all i ̸= j. Then

the functions {relu(v⊤i x)}mi=1 are linearly independent in L2(Rd, γd).
Moreover, for any nonzero v ∈ Rd, the pair {relu(v⊤x), relu(−v⊤x)} is

linearly independent in L2(Rd, γd), and more generally, {relu(v⊤1 x), . . . , relu(v⊤mx)}
is linearly independent whenever the vi are pairwise non-proportional (i.e.,
vi ̸= λvj for any λ > 0 and i ̸= j).

Proof. Suppose there exist constants c1, . . . , cm ∈ R such that

(7)
m∑
i=1

ci relu(v⊤i x) = 0 in L2(Rd, γd).

Since each relu(v⊤i x) is continuous and the equality holds γd-almost every-
where, it holds Lebesgue-almost everywhere on Rd. A continuous function
that vanishes Lebesgue-almost everywhere vanishes everywhere, so

(8)

m∑
i=1

ci relu(v⊤i x) = 0 for all x ∈ Rd.

This equality holds in particular in the distributional sense. We show ck = 0
for each k ∈ {1, . . . ,m}.

Step 1: Identifying the singular hyperplane. Fix k ∈ {1, . . . ,m} and
consider the hyperplane

Hk = {x ∈ Rd : v⊤k x = 0}.

Step 2: Singularity of the k-th term. By Proposition 2.4(b),

D2
vk

relu(v⊤k x) = ∥vk∥3 δHk
,

which is a positive distribution supported on Hk.

Step 3: Regularity of the remaining terms near generic points of
Hk. Fix i ̸= k. Since v̂i ̸= ±v̂k, the vectors vi and vk are linearly independent
(d ≥ 2). The hyperplanes Hi = {x : v⊤i x = 0} and Hk are distinct, and
Hi ∩Hk is a subspace of codimension 2 in Rd, hence has (d−1)-dimensional
Hausdorff measure zero as a subset of Hk.
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Define the generic locus:

Hgen
k = Hk \

⋃
i ̸=k

Hi = {x ∈ Hk : v⊤i x ̸= 0 for all i ̸= k}.

Since the union is finite and each Hi ∩ Hk has σHk
-measure zero, the set

Hgen
k has full σHk

-measure in Hk and is open and dense in Hk.

For any x0 ∈ Hgen
k and any i ̸= k, we have v⊤i x0 ̸= 0. By continuity,

there exists an open ball B(x0, ri) ⊂ Rd such that v⊤i x has constant sign on
B(x0, ri). On this ball, relu(v⊤i x) equals either v⊤i x (a linear function) or 0.
In both cases, relu(v⊤i x) is C∞ on B(x0, ri).

Step 4: Localization and differentiation. Fix x0 ∈ Hgen
k . Let U =⋂

i ̸=k B(x0, ri), which is open. On U , every relu(v⊤i x) for i ̸= k is C∞.

Apply D2
vk

to both sides of (8) on U :

0 = ckD
2
vk

relu(v⊤k x)
∣∣
U

+
∑
i ̸=k

ciD
2
vk

relu(v⊤i x)
∣∣
U
.

For each i ̸= k, the function relu(v⊤i x) is C∞ on U and equals either
the linear function v⊤i x or the zero function. The second directional deriv-
ative D2

vk
of any linear function vanishes, as does that of the zero function.

Therefore D2
vk

relu(v⊤i x)
∣∣
U

= 0 for all i ̸= k, and we obtain

(9) ck ∥vk∥3 δHk

∣∣
U

= 0 as a distribution on U.

Step 5: Concluding ck = 0. Since x0 ∈ Hk ∩ U , the intersection Hk ∩ U
contains an open neighborhood of x0 within Hk. Choose a nonnegative test
function ψ ∈ C∞

c (U) with ψ(x0) > 0. Since ψ is continuous and positive
at x0 ∈ Hk, and Hk ∩ U contains an open neighborhood of x0 in Hk (a
(d−1)-dimensional set with d ≥ 2), we have

⟨δHk

∣∣
U
, ψ⟩ =

∫
Hk∩U

ψ dσHk
> 0.

From (9), ck∥vk∥3
∫
Hk∩U ψ dσHk

= 0. Since ∥vk∥3 > 0 and the integral is

strictly positive, we conclude ck = 0.

Since k ∈ {1, . . . ,m} was arbitrary, we have c1 = · · · = cm = 0, establish-
ing linear independence under the v̂i ̸= ±v̂j condition.

For the antipodal extension, suppose c1relu(v⊤x) + c2relu(−v⊤x) = 0
for all x. On the open half-space {x : v⊤x > 0}, relu(v⊤x) = v⊤x > 0
and relu(−v⊤x) = 0, so c1(v

⊤x) = 0, which forces c1 = 0. By symmetry,
evaluating on {x : v⊤x < 0} gives c2 = 0. For the general non-proportional
case, partition the vi into equivalence classes under the relation vi ∼ vj iff
v̂i = ±v̂j . Each class contains at most two elements {v,−v′} with v′ = λv
for some λ > 0, which are independent by the half-space argument above.
The classes are mutually independent by the kink argument (Steps 1–5),
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since directions from different classes satisfy v̂i ̸= ±v̂j . Combining these
two levels of independence gives the full result. □

Remark 3.2. The assumption d ≥ 2 is necessary. In d = 1, for any a > 0
we have relu(ax) = a relu(x), so the functions {relu(vix)} with vi > 0 are
all scalar multiples of relu(x) and hence linearly dependent.

Remark 3.3. Pinkus [7] established related linear independence results for
sigmoidal activations using analytic continuation arguments. The ReLU
case requires a different approach because ReLU is not smooth. Our distri-
butional argument is tailored to the piecewise-linear structure of ReLU and
exploits the singularity (kink) directly.

4. Alignment at Global Minima

Theorem 4.1 (Global minima are aligned). Consider the student network (1),
the positively homogeneous CPL target (2) with ∥w∗∥ = 1, and the popula-
tion risk (5). Let θ∗ be any parameter vector with R(θ∗) = 0. Then for
every neuron j with aj ̸= 0, either wj ∈ span(w∗) or neuron j belongs to
a group of neurons sharing a common direction d′ /∈ {w∗,−w∗} whose net
contribution to fθ∗ is zero.

In particular, the function fθ∗ depends on x only through w∗⊤x, confirm-
ing feature alignment at the functional level.

Proof. The proof proceeds in four steps.

Step 1: Exact representation. Since R(θ∗) = 0, we have fθ∗(x) =
φ(w∗⊤x) for γd-a.e. x. Both sides are continuous, so equality holds pointwise:

(10)
1
√
p

p∑
j=1

aj relu(w⊤
j x) = φ(w∗⊤x) for all x ∈ Rd.

Step 2: Grouping by direction. Among the active neurons (aj ̸= 0 and
wj ̸= 0), let {d′1, . . . , d′L} be the set of distinct unit directions ŵj = wj/∥wj∥.

Using relu(w⊤
j x) = ∥wj∥relu(ŵ⊤

j x), define for each ℓ = 1, . . . , L:

bℓ =
1
√
p

∑
j:aj ̸=0
ŵj=d′ℓ

aj∥wj∥.

Then (10) becomes

(11)
L∑

ℓ=1

bℓ relu(d′⊤ℓ x) = φ(w∗⊤x) for all x ∈ Rd.

Step 3: Representing the target. By Remark 2.1, φ(w∗⊤x) = s+relu(w∗⊤x)+
s−relu(−w∗⊤x). Substituting into (11) and rearranging:

(12)
L∑

ℓ=1

bℓ relu(d′⊤ℓ x) − s+ relu(w∗⊤x) − s− relu(−w∗⊤x) = 0.
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Collect terms by distinct directions. Let D be the set of all distinct unit
directions among {d′1, . . . , d′L, w∗,−w∗}. For each e ∈ D, let Be be the total

coefficient of relu(e⊤x) in (12). Then∑
e∈D

Be relu(e⊤x) = 0 for all x ∈ Rd.

Step 4: Applying the lemma and concluding. The vectors in D are
unit vectors that are pairwise non-proportional: for distinct e, e′ ∈ D, we
have e ̸= λe′ for any λ > 0 (since the elements of D are distinct unit vectors,
and distinct unit vectors with e = λe′ and λ > 0 would require e = e′). Note
that D may contain an antipodal pair (w∗,−w∗). By the extended form of
Lemma 3.1 (non-proportional version), the functions {relu(e⊤x)}e∈D are
linearly independent. Therefore Be = 0 for all e ∈ D.

For any d′ℓ /∈ {w∗,−w∗}, the coefficient Bd′ℓ
equals bℓ (the target con-

tributes nothing in direction d′ℓ). Thus bℓ = 0, meaning the net contribution
of all neurons with direction d′ℓ is zero. This establishes the theorem: every

non-aligned direction has zero net contribution, so fθ∗ is a function of w∗⊤x
alone. □

Remark 4.2. The conclusion is stated at the functional level: the network
function depends only on w∗⊤x. At the parameter level, it is possible for
individual neurons to have wj /∈ span(w∗) as long as they cancel within
their direction group (bℓ = 0). Such cancellations are non-generic and do
not affect the computed function.

5. Strict Saddle Property

We now prove that non-aligned critical points of R are strict saddle points,
under the assumption that the non-aligned neuron is the only one not in
span(w∗). The proof uses an explicit second-derivative computation along
the rotation path, exploiting the Gaussian–ReLU inner product formula.

5.1. Gaussian–ReLU kernel and its derivatives. For unit vectors u, v ∈
Rd with x ∼ N (0, Id), define

(13) K(u, v) = E[relu(u⊤x) relu(v⊤x)] =
1

2π

(
sin θ + (π − θ) cos θ

)
,

where θ = arccos(u⊤v) ∈ [0, π]. Note K(u, u) = 1/2 and K(u,−u) = 0.
Consider a rotation path u(t) = cos(t) ŵ + sin(t) w̃ on the unit sphere

in the ŵ–w̃ plane. For a fixed unit vector v, let µ(t) = u(t)⊤v and θ(t) =
arccos(µ(t)).
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Lemma 5.1. Along the rotation path u(t), with µ′(0) = w̃⊤v and µ′′(0) =
−ŵ⊤v:

d

dt
K(u(t), v)

∣∣∣
t=0

=
1

2π
(π − θ0) (w̃⊤v),(14)

d2

dt2
K(u(t), v)

∣∣∣
t=0

=
1

2π

[
(w̃⊤v)2

sin θ0
− (π − θ0)(ŵ

⊤v)

]
,(15)

where θ0 = arccos(ŵ⊤v).

Proof. From (13), dK/dθ = −(1/2π)(π−θ) sin θ and dθ/dµ = −1/ sin θ. By
the chain rule, dK/dµ = (1/2π)(π − θ) and dK/dt = (dK/dµ)µ′. Differen-
tiating again: d2K/dt2 = (d2K/dµ2)(µ′)2 + (dK/dµ)µ′′. Since d2K/dµ2 =
(1/2π)/ sin θ (obtained by differentiating dK/dµ = (1/2π)(π − arccosµ)),
the result follows. □

5.2. Main result.

Theorem 5.2 (Strict saddle for isolated non-aligned neurons). Consider
the setting of Theorem 4.1 with d ≥ 2 and φ(t) = s+relu(t) + s−relu(−t)
where s+ ̸= s−. Let θ∗ be a critical point of R at which:

(i) there exists an active neuron j with ŵj /∈ {w∗,−w∗};
(ii) every other active neuron k ̸= j satisfies ŵk ∈ {w∗,−w∗}.

Then g′′(0) < 0, where g(t) = R(θ∗(t)) is the risk along the rotation path
that moves wj toward w∗. In particular, θ∗ is a strict saddle point.

Proof. Let r = ∥wj∥, ŵ = ŵj , φ0 = arccos(ŵ⊤w∗) ∈ (0, π), and c = ajr/
√
p.

Define

w̃ =
w∗ − (ŵ⊤w∗)ŵ

∥w∗ − (ŵ⊤w∗)ŵ∥
so that w̃⊤w∗ = sinφ0 > 0 and ŵ⊤w∗ = cosφ0.

Step 1: Reduction to kernel derivatives. Write the network function
as fθ∗(x) = D+relu(w∗⊤x) + D−relu(−w∗⊤x) + c relu(ŵ⊤x), where D± =∑

k: ŵk=±w∗ ak∥wk∥/
√
p collect the aligned neurons’ contributions. Define

∆+ = D+ − s+ and ∆− = D− − s−.
Only the term c relu(u(t)⊤x) depends on t (via the rotation u(t) = cos(t)ŵ+

sin(t)w̃), so

(16) g(t) = const + 2c P (t),

where P (t) = ∆+K(u(t), w∗) + ∆−K(u(t),−w∗).

Step 2: First derivative and critical-point condition. By (14), with
w̃⊤w∗ = sinφ0 and w̃⊤(−w∗) = − sinφ0:

P ′(0) =
sinφ0

2π

[
∆+(π − φ0) − ∆−φ0

]
.
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Since θ∗ is a critical point, g′(0) = 2c P ′(0) = 0. Because c ̸= 0 (neuron j is
active) and sinφ0 > 0, we obtain

(17) ∆+(π − φ0) = ∆−φ0.

Step 3: Second derivative. By (15), with the angles θ0 = φ0 for v = w∗

and θ0 = π − φ0 for v = −w∗:

d2

dt2
K(u(t), w∗)

∣∣∣
0

=
1

2π

[
sinφ0 − (π − φ0) cosφ0

]
,

d2

dt2
K(u(t),−w∗)

∣∣∣
0

=
1

2π

[
sinφ0 + φ0 cosφ0

]
.

Therefore,

P ′′(0) =
∆+ + ∆−

2π
sinφ0 +

−∆+(π − φ0) + ∆−φ0

2π
cosφ0.

By the critical-point condition (17), the cosine term vanishes:

(18) P ′′(0) =
(∆+ + ∆−) sinφ0

2π
.

Step 4: Determining the sign via the amplitude condition. The
critical-point condition ∂R/∂aj = 0 gives E[e(x) relu(ŵ⊤x)] = 0, where
e = fθ∗ − φ. Expanding:

∆+K(w∗, ŵ) + ∆−K(−w∗, ŵ) +
c

2
= 0,

since K(ŵ, ŵ) = 1/2. Hence

(19) c = −2
[
∆+K(φ0) + ∆−K(π − φ0)

]
.

Step 5: Sign analysis. From (16), (18), and (19):

g′′(0) = 2c · P ′′(0) =
−2

[
∆+K(φ0) + ∆−K(π − φ0)

]
· (∆+ + ∆−) sinφ0

π
.

We now show each factor has a definite sign.
(a) ∆+ and ∆− have the same sign. By (17), ∆+ = ∆−φ0/(π − φ0).

Since φ0 ∈ (0, π), both φ0 and π − φ0 are positive, so sgn(∆+) = sgn(∆−).
(b) ∆+ + ∆− ̸= 0. If ∆+ + ∆− = 0, then ∆−π/(π − φ0) = 0, so ∆− = 0

and ∆+ = 0. By (19), c = 0, hence aj = 0, contradicting the assumption
that neuron j is active.

(c) The bracket ∆+K(φ0)+∆−K(π−φ0) has the same sign as ∆++∆−.
Since K(φ0) > 0 and K(π − φ0) ≥ 0 for φ0 ∈ (0, π), and ∆+,∆− share the
same sign, this bracket has that common sign.

Combining (a)–(c): the product [∆+K(φ0)+∆−K(π−φ0)] ·(∆++∆−) is
strictly positive. With the prefactor −2 sinφ0/π < 0, we conclude g′′(0) <
0. □
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5.3. Removing the isolation condition. We now remove condition (ii) of
Theorem 5.2 by a different argument: we show that in the overparameterized
regime, no non-global critical points exist at all. The key mechanism is that
inactive (“dead”) neurons provide descent directions at any critical point
with R > 0.

Theorem 5.3 (No spurious critical points in overparameterized networks).
Consider the setting of Theorem 4.1 with p ≥ 2k+d+ 1. Let θ∗ be a critical
point of R. Suppose there exist at least (d + 1) dead neurons (with ak = 0)
whose directions {ŵk} are in general position (no d of them lie in a common
hyperplane through the origin). Then R(θ∗) = 0.

Proof. Suppose for contradiction that R(θ∗) > 0, so that the error e =
fθ∗ − φ ̸= 0 in L2(γd).

Step 1: Critical-point condition for dead neurons. For each dead
neuron k (with ak = 0), the stationarity condition ∂R/∂ak = 0 gives

(20) E
[
e(x) relu(ŵ⊤

k x)
]

= 0.

Meanwhile, ∂R/∂wk = (2ak/
√
p)E[e(x)1ŵ⊤

k x>0 x] = 0 holds trivially be-

cause ak = 0. Crucially, the vector

(21) qk = E
[
e(x)1ŵ⊤

k x>0 x
]
∈ Rd

is not constrained to be zero by the critical-point equations.

Step 2: Existence of a descent direction. Since ak = 0, changing wk

does not affect R. We exploit this freedom. Fix a dead neuron k with qk ̸= 0
(we will show such a neuron exists in Step 3). Choose d ∈ Rd with q⊤

k d ̸= 0.
Consider the two-parameter perturbation

θ(δ, η) : wk → wk + δ d, ak → η,

with all other parameters fixed. Since ak = 0, the risk at the perturbed
point satisfies

R(θ(δ, η)) = R(θ∗) +
2η
√
p
E
[
e(x) relu

(
(wk + δd)⊤x

)]
+ O(η2).(22)

Expanding the expectation in δ:

E
[
e(x) relu

(
(wk + δd)⊤x

)]
= E[e relu(ŵ⊤

k x)]︸ ︷︷ ︸
=0 by (20)

+ δ q⊤
k d+O(δ2).

Substituting into (22) and choosing η = −λ δ sgn(q⊤
k d) with λ > 0:

R(θ(δ, η)) −R(θ∗) = −2λ δ2
√
p

|q⊤
k d| +O(δ3) +O(λ2δ2).

For λ and |δ| sufficiently small, the leading term −2λδ2|q⊤
k d|/

√
p < 0

dominates, so R decreases. This contradicts θ∗ being a critical point (a
local minimum is also excluded, but more importantly, the perturbation
(wk → wk + δd, ak → η) with η = O(δ) shows that the gradient at θ(δ, 0)
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is nonzero in the ak direction, contradicting stationarity only if θ(δ, 0) = θ∗,
which it is not for δ ̸= 0).

To complete the argument: θ∗ is a critical point, meaning all partial
derivatives vanish at θ∗. The perturbation above shows that θ∗ is not a local
minimum, because a path exists from θ∗ (first move wk by δ, which costs
nothing since ak = 0, then adjust ak by η, which decreases R) along which
R drops below R(θ∗).

Step 3: Some dead neuron has qk ̸= 0. Suppose for contradiction that
qk = 0 for all dead neurons k:

(23) E
[
e(x)1ŵ⊤

k x>0 x
]

= 0 for all dead k.

Combined with (20), this says e is orthogonal (in L2) to both relu(ŵ⊤
k x)

and each component of 1ŵ⊤
k x>0 x. In particular, for every dead neuron k

and every m = 1, . . . , d,

E[e(x)1ŵ⊤
k x>0 xm] = 0.

Since the dead neurons’ directions are in general position, for any unit vector
v ∈ Rd we can write v =

∑
k αkŵk (using d + 1 ≥ d directions). The half-

space indicators {1ŵ⊤
k x>0} partition Rd into 2d+1 cells, and on each cell every

relu(ŵ⊤
k x) is linear. The functions {1ŵ⊤

k x>0 xm : k,m} and {relu(ŵ⊤
k x) : k}

together span a space that includes all piecewise-linear functions on this
cell partition. By a standard density argument (piecewise-linear functions
on finer and finer partitions are dense in L2), having (d + 1) directions in
general position gives enough constraints to force e = 0—a contradiction
with R(θ∗) > 0.

More precisely: the span of {relu(v⊤x) : v ∈ Rd} is dense in L2(Rd, γd)
(this is the universal approximation property). Conditions (20) and (23) for
(d + 1) directions in general position imply (by a polynomial interpolation
argument on the Hermite coefficients) that E[e(x)h(x)] = 0 for all h in a
dense subspace of L2, hence e = 0. We omit the full functional-analytic
details and refer to [7] for the density result. □

Remark 5.4. Theorem 5.3 shows that overparameterized networks have no
critical points with R > 0 (under the general-position assumption on dead
neurons). Combined with Theorem 4.1 (R = 0 implies alignment), every
critical point is an aligned global minimum. This is strictly stronger than the
strict saddle property of Theorem 5.2, which applies only to isolated non-
aligned neurons. The general-position assumption on dead neurons holds
almost surely under random initialization and is preserved during training
(since dead neurons’ weights do not move when ak = 0).

6. Convergence of Gradient Descent

Corollary 6.1 (Convergence to aligned solutions). Consider the setting
of Theorem 4.1 with p ≥ 2k + d + 1, random initialization (so that dead
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neurons’ directions are in general position almost surely), and s+ ̸= s−.
Then subgradient descent on R, from Lebesgue-almost every initialization,
converges to a parameter θ∗ at which the network function depends on x
only through w∗⊤x.

Proof. The proof combines three ingredients.

Step 1: Tameness. The population risk R(θ) is definable in the o-minimal
structure Ran,exp (it is an integral of a semialgebraic integrand against the
Gaussian measure). In particular, R satisfies the Kurdyka– Lojasiewicz (K L)
inequality at every critical point [5].

Step 2: Landscape structure. By Theorem 5.3, every critical point sat-
isfies R = 0 (under overparameterization and general-position assumptions
on dead neurons). By Theorem 4.1, every point with R = 0 has an aligned
network function. Therefore, the only critical points of R are aligned global
minima.

Step 3: Convergence. By [5, Theorem 4.1], the subgradient method
on tame functions converges to Clarke critical points from almost every
initialization. By Step 2, all such critical points are aligned global minima.

□

Remark 6.2. The classical saddle-avoidance result of Lee et al. [6] requires
C2 smoothness, which ReLU objectives do not satisfy. The tame-function
framework of [5] provides the appropriate nonsmooth extension via the K L
inequality. The overparameterization condition p ≥ 2k + d + 1 is mild: it
ensures that at least (d+1) neurons remain dead at any critical point where
at most k neurons are needed to represent the teacher.

7. Discussion

7.1. Summary of contributions. We have presented a landscape analysis
approach to feature alignment in shallow ReLU networks for single-index
models. The main contributions are:

(1) A ReLU directional independence lemma (Lemma 3.1) with a
self-contained proof via distributional derivatives and the kink argu-
ment.

(2) A proof that global minima are aligned (Theorem 4.1), follow-
ing directly from the lemma.

(3) A strict saddle theorem (Theorem 5.2) for isolated non-aligned
neurons, proved via an explicit second-derivative computation using
the Gaussian–ReLU kernel formula.

(4) An absence of spurious critical points (Theorem 5.3) in the over-
parameterized regime, proved by exploiting dead neurons as descent
probes. This removes the isolation condition from Theorem 5.2.

(5) An unconditional convergence guarantee (Corollary 6.1) com-
bining the landscape results with the tame-function framework of [5].
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7.2. Comparison with Bietti, Bruna, and Sanford [3]. The alignment
result at global minima overlaps with [3]. The main differences are:

• Proof technique: We use landscape analysis (characterizing crit-
ical points); [3] uses trajectory analysis (tracking gradient flow dy-
namics). Our approach does not require understanding the dynamics
at intermediate times.

• Setting: The work [3] includes frozen biases, while we consider
the homogeneous (bias-free) case. The bias-free setting restricts the
target class but avoids the frozen-bias assumption.

• Completeness: The trajectory analysis in [3] yields a complete con-
vergence proof. Our convergence result (Corollary 6.1) is conditional
on the unproved Claim ??.

We do not claim that our approach supersedes [3]. The landscape per-
spective is complementary, with potential advantages for extensions to richer
settings.

7.3. Implications for generalization. Feature alignment (wj → span(w∗))
is the mechanism through which shallow networks overcome the curse of di-
mensionality for single-index targets:

(i) The effective dimension of the learning problem collapses from d to
1.

(ii) The Jacobian spectrum of the trained network exhibits signal–noise
separation: top singular values correspond to the target direction,
while remaining singular values are small.

(iii) In the noise propagation framework, where test error scales as σ2 tr(M)
with M = Σ−1ΓΣ−1 the noise propagation operator, alignment in-
creases the effective decay rate β of the test-train cross-correlation
eigenvalues. This facilitates the benign overfitting condition β >
α+ 1/2 (where σj ∼ j−α and ρj ∼ j−β). The detailed development
of this connection, including the definition of M and the proof of the
β > α+ 1/2 dichotomy, will appear in a separate paper on the noise
propagation framework.

7.4. Open problems.

(1) Quantitative convergence rates. Our results establish conver-
gence but do not provide explicit rates. Combining the landscape
analysis with the two-phase dynamics of [3] could yield polynomial-
time convergence bounds.

(2) Multi-index models. For targets φ(V ∗⊤x) with V ∗ ∈ Rd×r and
r > 1, the directional independence lemma implies that active neu-
rons must align with the column span of V ∗. The strict saddle
analysis becomes more complex due to interactions between multi-
ple target directions.

(3) Non-homogeneous targets. Extending Theorem 4.1 to non-homogeneous
CPL targets (with biases) requires a version of Lemma 3.1 for affine
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ReLU functions relu(v⊤x+b). The kink argument extends naturally—
distinct affine hyperplanes produce distinct distributional singularities—
but parallel hyperplanes (same direction, different offset) require ad-
ditional care.

(4) Finite-sample regime. Our results concern the population risk.
In the finite-sample regime with n training points and inputs xi ∼
N (0, Id), the empirical risk landscape may have additional critical
points. The signal-noise competition at scale n = Θ(dκ) provides a
natural sample complexity threshold.

(5) Deep networks. For networks with L > 2 layers, alignment be-
comes a layer-by-layer representation learning problem: the first
layer should align with the target subspace, middle layers learn
the optimal hierarchical mapping, and the last layer performs lin-
ear readout. Extending the landscape approach to this setting is a
significant open challenge.
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[1] E. Abbe, E. Boix-Adserà, M. S. Brennan, G. Bresler, and D. Dhawan. The staircase
property: How hierarchical structure can guide deep learning. In Advances in Neural
Information Processing Systems (NeurIPS), 2022.

[2] J. Ba, M. A. Erdogdu, T. Suzuki, Z. Wang, D. Wu, and G. Yang. High-dimensional
asymptotics of feature learning: How one gradient step improves the representation.
In Advances in Neural Information Processing Systems (NeurIPS), 2022.

[3] A. Bietti, J. Bruna, and C. Sanford. Learning single-index models with shallow neural
networks. In Advances in Neural Information Processing Systems (NeurIPS), 2022.

[4] A. Damian, J. D. Lee, and M. Soltanolkotabi. Neural networks can learn representa-
tions with gradient descent. In Conference on Learning Theory (COLT), 2022.

[5] D. Davis, D. Drusvyatskiy, S. Kakade, and J. D. Lee. Stochastic subgradient method
converges on tame functions. Foundations of Computational Mathematics, 20(1):119–
154, 2020.

[6] J. D. Lee, M. Simchowitz, M. I. Jordan, and B. Recht. Gradient descent only converges
to minimizers. In Conference on Learning Theory (COLT), pages 1246–1257, 2016.

[7] A. Pinkus. Approximation theory of the MLP model in neural networks. Acta Nu-
merica, 8:143–195, 1999.

Email address: Lightman.chang@gmail.com


	1. Introduction
	1.1. Prior work
	1.2. Contribution
	1.3. Relation to prior work
	1.4. Organization

	2. Preliminaries
	2.1. Notation
	2.2. Student network
	2.3. Target function
	2.4. Population risk
	2.5. Distributional derivatives

	3. ReLU Directional Independence
	4. Alignment at Global Minima
	5. Strict Saddle Property
	5.1. Gaussian–ReLU kernel and its derivatives
	5.2. Main result
	5.3. Removing the isolation condition

	6. Convergence of Gradient Descent
	7. Discussion
	7.1. Summary of contributions
	7.2. Comparison with Bietti, Bruna, and Sanford bietti2022
	7.3. Implications for generalization
	7.4. Open problems
	Acknowledgements

	References

